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The pedagogical value of computational chemistry in the
chemistry curriculum, in particular the value of first-prin-
ciples calculations of NMR chemical shifts (1, 2), has been
previously pointed out in this Journal. Emphasis has been
put on providing recipes for addressing well-defined prob-
lems computationally and on comparing experimental with
calculated data. These are important ingredients that can en-
able students to support their future (usually experimental)
graduate research projects with their own calculations, to get
a feeling about the accuracy that can be achieved, and to be
able to assess the quality of published theoretical data. Quan-
tum chemistry is now a component of many graduate research
projects. Introducing students to the power and the limita-
tions of quantum chemical methods, and to the theoretical
background, is therefore an important aspect of a modern
chemistry education.

NMR spectroscopy is one of the most important experi-
mental techniques since it is able to provide useful informa-
tion about the electronic and geometric structures of a wide
variety of systems investigated in organic and inorganic chem-
istry. Additionally, theoretical methods have been used ex-
tensively to compute chemical shifts and spin–spin coupling
constants from first-principles theory. (See refs 3–10 for a
selection of available review articles.) A comprehensive over-
view of computational methods for magnetic resonance pa-
rameters has also recently become available (11). With the
help of calculations, it is possible to simulate NMR spectra,
propose data for yet unknown substances, get detailed in-
sight into the mechanisms that determine the experimental
outcome, and so forth.

Indirect NMR spin–spin coupling constants, also known
as J coupling constants, provide a wealth of structural infor-
mation as well as detailed insight into the bonding of an atom
to its neighbors. In this article, we show how density func-
tional theory (DFT) calculations of J couplings can help to
clarify the relation between such properties and the electronic
structure and bonding in molecules. This is achieved by the
analysis of J coupling in terms of contributions from mo-
lecular orbitals (MOs), localized molecular orbitals (LMOs),
and fragment orbitals (FOs). We should point out that such
analyses for organic (12–17) and inorganic systems (18–22)
are also an active research topic. Here, we apply an orbital
analysis to one-bond carbon–carbon coupling, J (C,C), in
ethane, ethene, and ethyne. The C�C coupling constants
in the aromatic molecule benzene as well as C�H couplings
for all molecules are also discussed. We show how a graphi-
cally-oriented approach, combined with “hard” numerical
data, can lead to a better understanding of the nature of J
coupling and of the orbital description of the electronic struc-
ture of molecules. In addition, we use the concept of local-
ized molecular orbitals and apply it to rationalize the
magnitudes of the C�C coupling constants. Unlike the
“usual” MOs, these orbitals are the theoretical equivalent of

the bonds and lone pairs (and core shells) of the Lewis for-
mula of a molecule. Unfortunately, they are not prominently
displayed in most textbooks.

To the best of our knowledge, NMR spin–spin coupling
computations and orbital analyses based thereupon have not
yet been discussed in this Journal. We believe that the mate-
rial will be most useful in a course about NMR spectroscopy
or as a computational exercise as part of a computational
chemistry or molecular modeling course. It is now possible
to compute NMR spin–spin coupling constants rather accu-
rately with inexpensive DFT methods. This makes a study
of small molecules attractive for use in a classroom or for
homework. We hope that this article will be beneficial to a
wider range of courses since the concepts used here can be
applied to analyze other properties as well (see Appendix A,
Table 8, in the Supplemental MaterialW for a list of such prop-
erties). A computational analysis of trends in J couplings might
also be suitable as a computational undergraduate or gradu-
ate research project (e.g., if applied to a different set of mol-
ecules). Course prerequisites depend on the level at which an
instructor teaches a particular course. Introductory physics and
some basic knowledge of NMR spectroscopy as acquired in
undergraduate organic chemistry classes will be essential. A
qualitative explanation of J coupling at this level is given in
the first half of the second section. Basic quantum theory as
taught in undergraduate physical chemistry courses will be
required to make use of the quantum theory of J coupling,
which is outlined in the Appendix in the Supplemental
Material.W This theory supports the arguments regarding the
s character of bonds presented in the second half of the sec-
ond section. However, more qualitative explanations might
be chosen instead. We do not think that prior experience with
computational chemistry is necessary for the calculations pre-
sented in the third section, though of course it would be help-
ful. Based on these calculations, we apply various analysis
concepts to the J coupling in ethane, ethene, ethyne, and ben-
zene in the third section. Here, we make use of molecular or-
bital plots. Some experience with qualitative molecular orbital
theory will be required to use these graphics.

Origin and Mechanisms of J Coupling

For further details regarding the material presented in
this section we refer to refs 23 and 24.

Magnetic Dipole Moments
Moving charged particles (electrons, nuclei) represent an

electric current, which is the source of a magnetic field. In
particular, electric ring currents are the source of a magnetic
field equivalent to that of a magnetic dipole (Figure 1). In
turn, a magnetic field will induce electric ring currents1 with
an associated magnetic dipole moment in a system of charged
particles (atoms, molecules).
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When considering a single rotating charged particle, the
magnetic moment m is proportional to its angular momen-
tum L. The constant of proportionality is the magnetogyric
ratio γ, that is, m = γL. For instance, for the orbital rota-
tional motion of an electron, we have γe = �e�(2me), where e
is the electronic charge and me is the mass of the electron.

Spin and Magnetic Moment
The property “spin” is an angular momentum of an el-

ementary particle. Spin is often incorrectly interpreted as the
particle’s intrinsic rotation. However, according to the previ-
ous paragraph this analogy from classical physics illustrates
why there must be a magnetic moment associated with the
spin angular momentum of a charged particle. Atomic nu-
clei with an odd mass number or with an odd number of
neutrons have a nuclear spin angular momentum (usually la-
beled I, not L). Thus, nuclei with nonzero spin are tiny mag-
nets. The orientation of the spin vector and therefore the
orientation of the magnetic moment with respect to a refer-
ence axis is quantized and described by the spin quantum
number I. For a nuclear spin quantum number I, there are
2I + 1 possible orientations. The length of the I vector is
[I (I + 1)]�1/2�. The magnetic moment of a nucleus A is pro-
portional to its spin angular momentum IA and is given by

A A Am I= γ (1)

The constant of proportionality, γA, is called the nuclear mag-
netogyric ratio. For atomic nuclei it is determined from ex-
periment rather than calculated theoretically.

Electrons also have a spin angular momentum S with
an electron spin quantum number of S = 1/2. The magneto-
gyric ratio γS for the electron spin magnetic moment mS is
approximately twice that for the orbital motion, that is, γS =
geγe, with ge ≈ 2.0023 being the g factor of the electron. If an
atom or a molecule has all orbital levels doubly occupied there
is no net electron spin magnetic moment present (other than
the tiny induced magnetic moments due to the presence of
magnetic nuclei as will be discussed below). We will restrict
the discussion to such systems here.

Interaction of Magnetic Dipole Moments and Magnetic
Fields

The interaction energy of a magnetic dipole moment m
with a magnetic field B is given as

E m B m B m Bx x y y z zm B∆ = − ⋅
 = − + +( ) (2)

Owing to the negative sign, the energy E is lowest if the ori-
entation of the magnetic field and the magnetic dipole are
parallel; it is highest if their orientation is antiparallel. This
is the mechanism that keeps a compass needle aligned with
the Earth’s magnetic field.

Since a nuclear spin represents a tiny magnet it will also
adopt an orientation relative to a magnetic field in such a
way as to minimize its energy. The main difference between
a nuclear spin and a compass needle is that the possible ori-
entations of the nuclear magnetic dipole with respect to the
magnetic field direction are quantized. One of the 2I + 1 pos-
sibilities will correspond to the parallel orientation and thus
be lowest in energy; the other orientations have higher ener-
gies. Transitions between these energy levels require a spe-

cific quantized amount of energy. This forms the basis of
nuclear magnetic resonance (NMR).

Nuclear Spin–Spin Coupling and NMR
Consider two magnetic nuclei A and B in a molecule.

Since nucleus A is the source of a magnetic field, the other
nucleus B will behave like a “quantum compass needle” in
this magnetic field. This results in a set of quantized orienta-
tions with quantized energy levels for this nuclear spin. A
phenomenological energy expression that describes the en-
ergy of interaction between the two nuclei is

E A B A BAm K D∆ = ,( ) + ,( ))

= ,( ) + ,( )
, ,

, ,

mB

i
x y z

=
, ,
j=
y zx

A i ij ij B jm K A B D A B m (3)

The two 3 × 3 matrices K and D relate the interaction
of the x, y, z component of one nuclear spin magnetic mo-
ment to the x, y, z component of the other nuclear spin mag-
netic moment. They mediate the strength of the nuclear
interaction; for example, they depend on the distance between
the two nuclei, the relative orientation of their spins, and in
the case of K on the details of the molecule’s electronic struc-
ture. D is the dipolar coupling tensor and yields the interac-
tion energy between the two nuclei in the absence of electrons
(through–space coupling). K is called the reduced indirect
spin–spin coupling tensor that describes the interaction of the
nuclei through their interactions with the electrons of the mol-
ecule. In solution or gas phase where molecules can rotate
freely, the dipolar coupling averages to zero (25) and only
the indirect coupling can be observed easily. Therefore, we
will only consider indirect spin–spin coupling here.

Nuclear spin–spin coupling takes place independent of
whether there is an external magnetic field present or not.
However, it is most conveniently detected via the fine struc-
ture of NMR spectra and thus often called “NMR spin–spin
coupling”. In the NMR experiment one aims to measure tran-
sitions between the energy levels of a magnetic nucleus. The
splitting of these levels results from applying a strong mag-
netic field (due to quantized orientations, as outlined above).

Figure 1. A rotating particle with a charge q has an angular mo-
mentum L. The charge rotation also represents a ring current that is
the source of a magnetic field and a magnetic dipole moment. The
magnetic moment m is proportional to L. The magnetic field is sym-
bolized here by field lines.
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The local magnetic field, B local, “seen” by a nucleus is not ex-
actly the external field B ext generated by the magnet of the
NMR spectrometer. The external field is shielded by the elec-
trons around the nucleus (nuclear magnetic shielding). We have2

B llocal ext= −( )1 σA B (4)

where σA is the nuclear magnetic shielding constant for
nucleus A, which depends sensitively on the chemical envi-
ronment, B local is the magnitude of the local magnetic field,
and B ext is the magnitude of the external field magnetic field.
Typically σA is quite small, on the order of 10�6 to 10�3.

The possible energy levels of the nucleus in the local field
depend according to eq 2 on the magnitude of B local and mA.
Measuring these energy levels would effectively amount to
measuring σA if B ext could be measured with high precision.
Unfortunately, this is not easy to accomplish. However, the
difference between the shielding constants of a nucleus in dif-
ferent chemical environments can be measured in NMR ex-
periments very precisely. This quantity is called the chemical
shift δA, where the reference nucleus is usually that of a well-
defined standard: δA = σref − σA. The energy levels of the probe
nucleus are then further split by spin–spin coupling accord-
ing to eq 3, leading to a fine structure of the NMR spec-
trum that contains detailed information about the chemical
neighborhood of a nucleus. The magnitude of the splitting
and the splitting pattern depends on the nuclear spin quan-
tum numbers, the number of nuclei nearby, and the strengths
of the spin–spin couplings (Figure 2).

The indirect reduced spin–spin coupling constant K
measured in solution or gas phase is the rotational average of
the K tensor and given as (1/3)(Kxx + Kyy + Kzz) (isotropic cou-
pling; a similar relationship holds for the isotropic chemical
shift). In experimental work, “J coupling constants” are re-
ported because it is more convenient to extract J coupling
constants directly from the line splittings in the NMR spec-
trum. They are related to the K coupling constant by a simple
pre-factor that includes both nuclear magnetogyric ratios and
Planck’s constant:

( ) = ( )
4 2π

γ γA BJ A B
h

K A B, , (5)

The K couplings are given in SI units of T2 J�1 or kg m�2 A�2

s�2, with typical magnitudes between 1018 to 1022. We will
from now on only refer to J couplings, which are given in
hertz (s�1), with typical magnitudes of 10�1 to 103.

Mechanisms for J Coupling
J coupling is the interaction between two magnetic nu-

clei mediated by the electrons in a molecule. There are two
basic mechanisms. The magnetic field of a nucleus locally
induces a magnetic moment in the electronic system. This
electronic magnetic moment can occur in form of either (i)
an electron spin polarization, that is, a local increase or de-
crease of the probability of finding spin-up (alpha) versus
spin-down (beta) electrons3 or (ii) by inducing orbital ring
currents (Figure 3). The motion of electrons in a many-elec-
tron system is coupled by their electrostatic Coulomb inter-
action. Thus, local effects such as the locally induced
electronic magnetic moment will have an effect on the elec-
tronic structure elsewhere in a molecule. The locally induced
magnetic moment is transferred to other parts of the mol-
ecule, mainly through the chemical bonds. It is then “de-
tected” by another nucleus, that is, the transferred-induced
electronic magnetic moment interacts with the local magnetic
field of the other nucleus according to eq 2. Generally, a pro-
nounced distance effect can be observed. The more bonds
there are in between the two nuclei, or the larger the inter-
nuclear distance, the weaker the J coupling. A typical sign
pattern might also be observed, as discussed briefly later for
two- and three-bond couplings.

Both the spin and the orbital mechanisms are, for theo-
retical reasons, usually further subdivided. In Appendix A in
the Supplemental Material,W we outline briefly how the five
different coupling mechanisms are obtained in a quantum
mechanical treatment of a molecule. For short-range coupling
through one or a few bonds, usually the Fermi contact (FC)
mechanism is the dominant one. It is part of the spin mecha-
nism shown in Figure 3. The FC mechanism originates in a
spin polarization of the electronic system right at one of the
nuclei, and the resulting interaction of the transferred spin
polarization right at another nucleus. In computations, atomic
nuclei are usually treated as point charges and point magnetic

Figure 2. Influence of nuclear spin–spin coupling on the fine struc-
ture of the NMR spectrum. Qualitative spectrum for the aliphatic
protons of the compound shown. The six methyl protons HB are
equivalent. The proton is an I = 1/2 nucleus with two possible orien-
tations with respect to a field direction. The energy levels of the six
HB

 in the local field are split according to the two possible orienta-
tions of the spin of the single HA, leading to the doublet signal.
The energy levels of HA are split by all possible 26 orientations of
the six HB spins. Many of the resulting energy levels have the same
energy, leading to a characteristic septet NMR signal with inten-
sity ratios of 1:6:15:20:15:6:1. Intensities and splittings here are
not to scale. Coupling with other nuclei in the molecule was not
considered. Adapted from ref 26.
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dipoles. The “contact” term is then caused by the interac-
tion of the nuclear with the electron spin at the locations of
the point nuclei. The remainder of the electron spin mecha-
nism is labeled “spin–dipole” (SD). It samples electronic po-
sitions other than the exact locations of the nuclei but is
usually negligible except, typically, for triple-bonded pairs of
nuclei (3) and for long-range couplings. Further, there is a
FC–SD cross term, that is, the FC mechanism on the one
nucleus is “detected” by the SD mechanism on the other
nucleus and vice versa. It turns out that this mechanism only
contributes to the J tensor but averages to zero for the re-
sulting J coupling constant.

The orbital current mechanism is divided into a “para-
magnetic” and a “diamagnetic” part (PSO for “paramagnetic”

and DSO for “diamagnetic spin–orbital” mechanism). They
can be distinguished in the theoretical formalism in the way
they appear in clearly separated terms. However, only their
sum is physically meaningful. Typically, the PSO mechanism
yields a negative contribution to the coupling, which is of-
ten small. It can be large for p-bonded systems such as
interhalogen diatomics (27). The DSO mechanism is usu-
ally negligible. An important exception are the H�H cou-
pling constants in H2O and its heavier chalcogen analogs (3).

It needs to be highlighted that experimentally only the
sum of all mechanisms is observable. Whether the J coupling
constant is positive or negative depends on the relative weight
of the mechanisms, their sign, and the signs of the nuclear
magnetogyric ratios γA, γB.

Figure 3. Mechanisms of indirect nuclear spin–spin coupling: (Top) The magnetic field of the nucleus (indicated by field lines) induces a spin
polarization in the electronic system that is transferred through the chemical bonds to another nucleus. This spin polarization carries its own
magnetic moment that interacts with the magnetic field of the other nucleus. (Bottom) Instead of inducing a magnetic moment in the electronic
system via the electron spin, the nucleus induces orbital currents with an associated magnetic moment that get transferred through the chemical
bonds to another nucleus.
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Molecular Orbital Methods

To further discuss theoretical details we introduce an ex-
pression for J coupling within a molecular orbital (MO) ap-
proach. This can be the Hartree–Fock, or DFT, or
semi-empirical methods. To derive the expression the recipe
given in the Appendix (see the Supplemental MaterialW) can
be followed. There, we used a sum over the excited state wave-
functions to describe the perturbation of the ground-state
wavefunction. Here, a sum over vacant MOs is needed for each
occupied MO ϕi instead. We will call this “mixing of vacant
with occupied orbitals”. The sum over vacant orbitals describes
the spin polarization and orbital currents induced by the pres-
ence of the nuclear spins. For the reason of this “mixing” see
below. An element of the reduced coupling tensor is

  

Re

( ) =,

2

x y

i

K A B,

occ vac

−

+

( )

a

a y i

i a

h Bϕ ϕ

ε ε

ˆ m

,
x yh Aˆ
,

m mmB( )
iϕ iϕ

i a
( )

x
Amhϕ ϕˆ

i

occ   (6)

where Re means the real part is to be taken. The J coupling
is obtained from (1/3)(Kxx + Kyy + Kzz) by applying the con-
version factor of eq 5. The ϕ’s are the occupied and vacant
MOs, the ε’s their energies, and the ĥ’s are the Cartesian com-
ponents of the mA and mB derivatives of the operators listed
in the Appendix, eqs 28 to 31 (see the Supplemental
MaterialW). The operator ĥ(mB) is a sum of the Fermi contact
(FC), the paramagnetic (PSO), and the spin–dipole (SD)
term for nucleus A. We can write ĥ(mA) = ĥA

FC + ĥA
PSO + ĥA

SD.
The operator ĥ (mB) contains the equivalent operators for
nucleus B. The operator ĥ(mA,mB) is responsible for the dia-
magnetic orbital mechanism (DSO). Either ĥ(mA) or ĥ(mB) must
also include an additional term that describes the perturba-
tion of the molecule’s Coulomb and exchange potential (23).
For illustrative aspects this term can be neglected, though it
must be present in the actual computations. This term is the
reason why an iterative self-consistent field (SCF) cycle is per-
formed by programs that calculate J coupling.

Why Vacant Orbitals or Excited States?

It is perhaps at first sight not so intuitive why the MO
equation for J coupling needs to involve vacant orbitals.4 Ini-
tially, the occupied orbitals are obtained without consider-
ing the presence of nuclear spins. Each orbital is doubly
occupied, therefore there is no spin polarization present. Like-
wise, there is no total orbital current. To describe the spin
polarization and orbital currents induced by the nuclear spins
(see Figure 3) one needs to add (“mix”) other functions into
the set of occupied orbitals to describe these “deformations”.
Using the vacant orbitals is one way of achieving this. This
is a more mathematically motivated explanation. Alterna-
tively, one can think of a fraction of the vacant orbitals with
alpha or beta spin (spin polarization), or with an orbital an-
gular momentum (orbital ring currents), to become partially
populated under the influence of the nuclear spin’s magnetic

field.5 The numerator in eq 6 to some extent defines how
strongly the presence of the nuclear spins “mixes” higher ly-
ing orbitals into the ground state. This provides a measure
of how good a particular vacant orbital is suited to describe
the spin polarization and current densities. The higher its
energy the more the vacant orbital differs from the occupied
orbitals. In the alternative explanation scheme, the higher ly-
ing the vacant orbital is, the less likely it is to become par-
tially occupied. The occurrence of the energy denominators
in eq 6 can be qualitatively understood as a weighting scheme
such that the small influence from the nuclear spins deforms
the ground-state electronic structure as little as possible, but
as much as necessary.

Atomic Orbital Contributions to J Coupling

Equation 6 underlies qualitative theoretical interpreta-
tions of J couplings. For example, consider the Fermi con-
tact (FC) mechanism. Let ĥA

FC = (4µ0β��3)Ŝzδ(rA) be the
Fermi contact operator for nucleus A. Here β is Bohr mag-
neton, Ŝz  is the z component of the electron spin operator, δ
is the Dirac delta function centered on nucleus A, and µ0 is
the permeability of free space. In atomic units as used in the
appendix, the prefix reads (8π�3c2). Similarly, ĥB

FC =
(4µ0β��3)Ŝzδ(rB) is the FC operator for nucleus B. The op-
erators are obtained by differentiating the first term in eq 29
of the Appendix (see the Supplemental MaterialW) with re-
spect to the z component of mA and mB, respectively. We
chose the z component for convenience. The FC term is iso-
tropic, that is, Kxx = Kyy = Kzz. The MO expression, eq 6,
contains the product of �ϕi |ĥA

FC|ϕa� and �ϕa|ĥB
FC|ϕi� inte-

grals. These integrals sample the value of the product ϕiϕa
at nucleus A and B, respectively, because of the delta func-
tions in the operators (this is where the label “contact” stems
from). Recall that �dx �f (x)δ(x − a) = f (a). Thus, we have

i aA= ⋅
 ( ) ⋅
ϕ ϕAhiϕ aϕ
ˆ FC const nucleus nucleus A( )  (7)

and an equivalent expression for �ϕi |ĥA
FC|ϕa�. Because

0 �1
1 0

ẑ =S
h
2

the FC operator acts with opposite sign on spin-up (alpha)
and spin-down (beta) orbitals, which is how this mechanism
causes a spin–polarization. The LCAO–MO approximation
(linear combination of atomic orbitals) is convenient to in-
terpret eq 7 further. In the LCAO approach, each MO is rep-
resented as a linear combination of atomic orbitals (AOs),
that is,6

C example: ori i= ∑

=

ϕ
iϕ

χµ µ
µ

basis A B

B=iϕ
A

(8)

The Cµi are the MO coefficients. Equation 8 also dis-
plays examples for symbolic versions that are more familiar
to students, using graphical symbols for each AO χµ. We re-
call that only s AOs have a nonzero value at the nucleus where
they are centered. From this and eq 7, it becomes clear that
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only MOs with a significant s character on both atoms A and B
can contribute significantly to the FC mechanism. These are
the orbitals of (local) σ character. It is not vital to use the
equations to make this point if the students accept the fol-
lowing without proof: (i) The spin mechanism for J coupling
contains a contact term. It samples the value of the induced
spin polarization that is described by products of occupied
with vacant orbitals, at both nuclei simultaneously. (ii) Only
molecular orbitals with s character on both centers A and B
will have a nonzero value at both nuclei.

From an analysis of the other operators (PSO, SD) one
can deduce in a similar fashion that orbitals with either pσ  or
pπ character contribute to the paramagnetic orbital (PSO)
term, that orbitals with pπ character contribute to the spin–
dipole (SD) term, and so forth (13). However, an estimate of
the various contributions in eq 6 without actually calculating
anything can only be made in very simple, clear-cut, usually
highly symmetric cases. Even then, for a student who is try-
ing to get some idea of the theoretical background of NMR
the situation might not be obvious at all. Thus, we see a great
benefit in actually first computing and then analyzing orbital
contributions to J coupling even for simple molecules. This
way, by linking the results to graphical representations of the
orbitals, the approach can be made visual and numerically ac-
curate at the same time. The MO foundation of Kohn–Sham
DFT makes it ideal for such analyses.

The s Character and the FC Mechanism

From the analysis presented in the previous section one
may conclude that J couplings should strongly depend on
the amount of s character in the hybrid atomic orbitals that
form the bonds between the two coupled nuclei (e.g., sp, sp2,
sp3). For one-bond C�C and C�H couplings this is indeed
often found experimentally and backed up by theoretical data.
We will return to this topic in more detail later since it is an
ideal target for a computational course assignment. One prob-
lem with the hybridization argument is that it reflects only
the electronic structure of the ground state. As already men-
tioned, the FC mechanism induces a spin density in a mol-
ecule. The magnitude of the spin density is not only
determined by the s character of the bonds in the ground
state. The hybridization in the excited states determines the
ease by which such a spin density can be induced in the mol-
ecule by one nucleus and how effectively it is transferred to
another one. Systems with comparable s character in their
bonds and comparable bond strengths, in particular in tran-
sition-metal chemistry, can afford orders of magnitude dif-
ferent coupling constants because of low-lying vacant orbitals
with high s-antibonding character (22). A detailed analysis
of a calculation can expose such situations.

The Energy Gap

Without considering the magnitude of the numerator
in eq 6, the FC mechanism will be rather large if the mol-
ecule has high-lying σ-type and low-lying σ*-type orbitals
because (εi − εa)�1 will be large. Sometimes, just by consider-
ing the energy gap for closely related systems one can ratio-
nalize trends for coupling constants. The HOMO–LUMO
gap itself, on the other hand, is not always the correct mea-
sure since both HOMO and LUMO might not contribute

to the coupling because they yield small to vanishing numera-
tors in eq 6. An example would be a coupling constant that
is dominated by the Fermi contact mechanism in a system
with frontier orbitals of π character.

Canonical and Localized MOs

One important aspect about MOs is that they are not
unique. The orbitals in eq 6 are the so-called canonical or-
bitals, which are the most convenient to obtain in a compu-
tation. These orbitals are mutually orthogonal and delocalized
by construction. Therefore, they are useful for describing glo-
bal phenomena such as ionization, excitations, and so forth.
Localized orthogonal MOs λp (LMOs) can be constructed
from the canonical orbitals ϕi by a linear combination of the
ϕi with coefficients Uip to yield λp = Σi ϕiUip. In the Boys
procedure (28, 29), the U coefficients are determined com-
putationally based on a criterion that minimizes the spatial
extent of the LMOs and preserves the orthonormality of the
orbitals. In effect, LMOs are the mathematical equivalent of
bonds, lone pairs, and core orbitals in a molecule. Because
they are spatially localized they are well-suited to interpret
local phenomena such as local reactions or NMR parameters.
A set of canonical MOs yields the same electron density as a
set of LMOs. The basic theorem of DFT states that the den-
sity defines all other molecular properties. Thus, there is re-
ally no way to select one or another set of orbitals as more
meaningful.

Various Decomposition Methods

Later, we will make use of a number of numerical de-
composition schemes for J couplings. We will focus on the
FC contribution JFC(A,B) to the coupling for two reasons:
(i) The coupling in the examples discussed later is strongly
dominated by the FC mechanism and (ii) the FC mecha-
nism is isotropic ( Jxx = Jyy = Jzz) and therefore easier to ana-
lyze than the three principal components of the PSO, DSO,
and SD mechanisms. For explicit expressions of the decom-
positions we used we refer the reader to ref 22.

The MO Decomposition
This decomposition scheme derives directly from the

double sum in eq 6 and yields contributions to the Fermi
contact part JFC(A,B) from each occupied–vacant (ϕi–ϕa)
orbital pair after conversion from K to J coupling units:

J J
i a

ai= ∑
∑
FC
occ vac

FC A B( ),A B( ), (9)

Thus, a list of occ–vac (ai ) contributions to the J coupling
identifies pairs of σ  and σ* orbitals that are mainly respon-
sible for the FC mechanism. To obtain a single contribution
to the J coupling from each occupied MO, we simply sum
over all vacant orbital contributions:

A B( ),JJ J
i

i
FC

occ
FCA B( ), = ∑
 (10)

where Ji
FC( A, B) = Σa

vac Jai
FC(A,B). Thus, the Ji

FC include
the effects of spin polarization of the occupied orbital ϕi. An
advantage is that the MO decomposition leads to the most
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straightforward analysis scheme but as we will see later, the
results are not always the most intuitive.

The FO and LMO Decompositions
The coupling constant can alternatively be expressed as

   A B( ),J J J
p q

qp
p

p
FC FCA B( ), FC= =∑
∑
 ∑
 A B,( ) (11)

where p and q now refer to a pair of localized MOs (LMOs)
or fragment orbitals (FOs), respectively. Again, we can de-
fine JpFC = Σq Jpq

FC to reduce the amount of detail in the analy-
sis. For most LMOs, the main contributions in this
decomposition scheme arise from single “diagonal” terms (i.e.,
JpFC ≈ Jpp

FC). Further, for LMOs the summations in eq 11
only involve occupied orbitals. The spin–polarization contri-
butions from unoccupied orbitals are already absorbed in each
term. Equation 11 for LMOs is therefore the equivalent of
eq 10, not eq 9. For the FO analysis, both occupied and un-
occupied fragment orbitals can enter eq 11.

We will show in the following section with some well-
studied examples how such decompositions can give some pic-
torial insight into C�C coupling constants. It needs to be
emphasized that these and other possible decompositions can
be chosen almost arbitrarily since they must all yield the same
final result. However, one of them might be of particular ad-
vantage for developing an understanding of J coupling.

Calculation of J Couplings for Ethane, Ethene, Ethyne,
and Benzene

Practical Aspects; Use of the Material
There are a number of different J coupling terms (FC,

SD, PSO, DSO) that arise from its theoretical treatment.
Further, the whole tensor needs to be calculated to obtain
the coupling constant as its rotational average. This can make
J-coupling computations confusing for students. However,
we believe that the qualitative part of the previous section
provides sufficiently detailed reasons why there are several dif-
ferent terms that have to be calculated and what the under-
lying physical mechanisms are.

DFT calculations of J-coupling constants are quite
straightforward otherwise. Apart from choosing a suitable basis
set and functional, most programs can be used as a “black
box” if necessary. For instructional purposes, triple-ζ polar-
ized standard basis sets such as the 6-311G** or TZVP
Gaussian-type basis sets or a Slater-type basis of equivalent
flexibility should yield sufficient accuracy to obtain correct
signs and orders of magnitudes for J-coupling constants. Suit-
able choices for density functionals in J-coupling calculations
are, for example, the hybrid functionals B3LYP or PBE0 and
the gradient corrected nonhybrid functionals BP86 or PBE.
Commercially available quantum chemistry programs that can
calculate NMR properties at the DFT level in a “black box”
manner are, for example, Gaussian ’03 (30) and ADF (31).
We have used ADF for this project. An instructor might pre-
fer to use a different quantum chemistry code to calculate J
couplings where some of the analysis features might not be
available. In this case we suggest to use our calculated results
as an illustration of how an orbital-based numerical analysis
can be applied to analyze J coupling. The qualitative features
of the MO and LMO graphics as well as the magnitude of

the calculated coupling constants will be similar enough be-
tween different DFT packages to obtain the same conclusions.
For some software packages including Gaussian, the NBO
program provides analysis tools for NMR parameters (32).

On the theoretical side, it is relatively straightforward to
derive a general sum-over-states (SOS) expression for spin–
spin coupling in a course as long as the students can under-
stand eq 17 of the Appendix (see the Supplemental MaterialW).
The derivation can be accomplished within a two-hour lec-
ture. We think it is beneficial to discuss the statement often
found in research articles that “the perturbation mixes excited
states into the ground state”. The detailed form of the opera-
tors is more difficult to derive in class since it requires a fair
quantity of vector calculus. We do not regard this as an es-
sential step for a more practically oriented computational
chemistry course or as part of an NMR course or an NMR
section of an organic chemistry course. However, the instruc-
tor might want to outline how these operators are obtained.
For a more theoretically oriented class, the derivation of some
of the simpler operators could then be left as an exercise. We
have included in the Appendix a brief outline of how the op-
erators for spin–spin coupling are obtained (see the Supple-
mental MaterialW). On the practical side, preliminary work
that covers a range of typical computational chemistry tasks
might be carried out by the students before actually analyz-
ing J couplings. This may include optimization of the
molecule’s geometries, a calibration study of calculated J cou-
plings using various density functionals or basis sets, or a brief
bibliographic search to find the necessary experimental data.

The computation of the C�C and C�H J couplings
in a set of 4 hydrocarbons (ethane, ethene, ethyne, and ben-
zene) was initially assigned to a second-year undergraduate
chemistry major during the second half of a 1 credit (3
hrs�week for 15 weeks) project. The student had some basic
knowledge of NMR from an organic chemistry class but no
prior experience with computational chemistry. His work
provided us with the calculated values of the C–C coupling
constants, the data for the analysis in MO, LMO, and FO
contributions, and some of the orbital graphics. The student
quickly acquired the knowledge of how to do the calcula-
tions after being told that the DFT program is able to calcu-
late molecular orbitals. We did not make an attempt to
introduce him to theoretical aspects beyond what is presented
at the beginning of the previous section but rather let him
focus on the intuitive graphical aspects of the work (i.e., on-
screen graphics of molecular structures, plots of molecular
orbitals) and the J-coupling calculation in a black-box fash-
ion. The analysis of the raw data was later carried out by us.
Initially, the student was asked to perform a DFT calibra-
tion study to determine which basis set and functional would
yield reasonable agreement with experimental data. Basis sets
were described to him as “poor”, “good”, “better”, and so
forth without further detail.

Subsequently, we have used the material as part of a three-
credit hour special topics course on molecular properties that
was attended by four chemistry graduate students and one
fourth-year undergraduate chemical engineering major. The
theory outlined in the Appendix (see the Supplemental
MaterialW) was presented in detail (including NMR shifts, po-
larizabilities, and other properties) during the lectures over
the course of five weeks. One week was devoted to refreshing
the basic theorems of quantum theory, and one week to in-
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structions on how to use a Linux system and run quantum
chemistry software. Some of the operators were derived in class
to demonstrate the method by which they are obtained. The
full list of NMR-relevant operators was then provided as a
handout along with some key formulas such as the SOS equa-
tion. One of the assignments in the five-weeks unit was to
perform calculations of NMR chemical shifts and spin–spin
coupling constants for ethane, ethene, ethyne, and in particu-
lar to study the dependence of the C�C and C�H coupling
constants on the carbon hybridization. The analysis described
here was presented and discussed in class to clarify the origin
of the J couplings and the connection with the carbon hy-
bridization. (With a larger class, we envision one group cal-
culating the J couplings while another group generates the
orbital plots, later to be analyzed and discussed jointly.) Pro-
vided with step-by-step instructions on how to run the soft-
ware on a Linux system, none of the students reported
problems regarding the computational part. For the compu-
tations the class was given accounts on one of our group’s
Linux PCs (PIV, 2.4 GHz, 512 MB). The available graphical
user interface (GUI) was not employed because of the simple
structure of the molecules. Instead, we have provided our stu-
dents with a link to the CCCBDB Web site (33) where they
were able to obtain experimental geometries for direct use in
the calculations. Owing to the low computational cost (on
the order of a few minutes per coupling constant) we had no
problems regarding simultaneous use of the single-processor
machine. In the five-week NMR unit of our graduate course,
the focus was on the formalism. Our students experienced the
calculations as a great help to make sense of the theoretical
formalism and the explanations given in class.

Computational Details
Density functional (DFT) computations were carried out

with the Amsterdam Density Functional (ADF) program
package (34–38). We have used a Linux version but the pro-
gram is available for Windows and Mac OS-X as well. To
generate localized orbitals, the input key LOCORB STORE /
END was applied in the ADF calculations. J couplings were
performed with ADF’s “CPL” module (36–38). The coupling
constant analysis was enabled by using the CONTRIBUTIONS sub-
key in the CPL input with the option LMO or SFO (36).
Orbital plots were prepared with MOLEKEL (39) and an or-
bital plotting tool for ADF available free of charge from our
Web site (40). Alternative no-cost graphical tools that could
be used for this purpose are, for example, MOLDEN (41) or
GOPENMOL (42), which also work well with other quantum
chemistry codes. For an input example and a guide through
the output please see the Supplemental Material.W

Computations for the main bond distances and J-coupling
constants were performed with the Becke and Perdew (BP86)
(43, 44) GGA functional and the triple-ζ polarized (TZP) all-
electron Slater-type basis. The carbon 1s shell was kept frozen
in the geometry optimizations. Very similar J couplings would
be obtained with experimental geometries. It is possible to ob-
tain somewhat better agreement with experiment by using hy-
brid functionals that are, however, not available with the
software we used. For the intended instructional purpose the
accuracy that is achieved with a GGA functional is certainly
sufficient while the computational effort is particularly low.
Differences between computations and experiment mainly arise
from neglected electron correlation effects, DFT self-interac-

tion errors, incomplete basis sets (more polarization functions
and high-exponent 1s functions would be needed), and zero-
point vibrational averaging. J couplings are sensitive and there-
fore not easy to calculate with very high accuracy.

Ethyne: Geometries and Coupling Constants
Our results are listed in Table 1. As expected, the FC

mechanism yields the main contribution to the J couplings
in our set of small hydrocarbons. The analysis will thus fo-
cus on this term. Some comments on the SD and PSO terms
will be given near the end of the article. We start with the
ethyne molecule to introduce the different analysis concepts
outlined in the theoretical section.

Ethyne: MO Analysis of J (C,C)
The canonical MO-based analysis is obviously most

closely related to the (canonical) MO diagram of the mol-
ecule, which is depicted qualitatively in Figure 4. The total

Figure 4. The occupied and vacant MOs of ethyne written in the
pictorial form of eq 8. For plots of these MOs, see Figure 5. The
energy axis is not to scale.
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number of MOs (occupied and vacant) is equal to the num-
ber of basis functions. In the case of ethyne, the TZP basis
in the ADF calculation yields 50 molecular orbitals, 7 of
which are doubly occupied. The occupied MOs as well as a
number of vacant MOs that contribute strongly to JFC(C,C)
are shown in Figure 5. Because of the linear symmetry of
ethyne is it beneficial to use 2D contour diagrams. This way,
we obtain a more detailed picture of the orbitals than from
3D isosurfaces. We will use 3D isosurface plots where it is
important to show the spatial arrangement of orbitals, and
later for ethane.

The MO contributions to JFC(C,C) according to eqs 9
and 10 are collected in Table 2. The π orbitals 6 and 7 do
not contribute because they have zero s character. Further,
MO 5 (3σg, involving carbon pσ atomic orbitals) has a node
on each carbon nucleus and therefore also does not yield any
contribution to JFC(C,C). First, we notice two huge core MO
contributions (from 1σg and 1σu) that cancel almost com-
pletely. Thus, despite the huge individual contributions the
J coupling is not really caused by these core orbitals but rather
by the valence orbitals. This might sound paradoxical because
the Fermi contact operators sample the MOs at the nuclei.
However, valence MOs must be orthogonal to the core MOs,
hence they have core orthogonalization tails that probe the
near-nuclear region. In this sense, J coupling should be con-
sidered “chemical”, that is, a valence shell property despite
the fact that the Fermi-contact mechanism probes the orbit-
als at the nuclei.

The mixing of the occupied σ MOs 3 and 4 with high-
lying vacant σ-type orbitals 29, 47–50 yields the main con-
tributions to the C–C coupling. The dominant role of these
σ MOs in the FC mechanism is expected, because these MOs
have a significant s character on both carbon atoms. Let us
consider as an approximation just one σ–σ* orbital pair rep-
resented by one s orbital on each carbon atom. We use ϕσ =
Cσ(A)s(A) + Cσ(B)s(B) and similarly for ϕσ*, where the C’s
are the LCAO coefficients for the s orbitals as in eq 8. We
substitute this in eq 7 and make the approximation that the
value of each s orbital at the other nucleus is negligible. This
yields, from eq 6,

J A B
C A C A C B C B

,( ) ≈
 ⋅

( ) ( ) ⋅
 ( ) ( )

−
*

*
σσ

σ σ σ σ

σ σε ε
FC const

* *
 (12)

with a positive prefactor. For the lower-lying σ orbital we
might find that Cσ(A) = Cσ(B). For the σ* we expect to have

Figure 5. Some MOs of ethyne. The MOs are plotted in the y–z
plane with z along the C�C bond. The contour values are ±0.02 ×
2n, n = 0, 1, 2,... (e/a0

3)1/2; dashed lines indicate negative values.
The MOs 6 and 8 (1πu

x and 2πg*x ) are not plotted. They are sym-
metry–equivalent to MOs 7 and 9, respectively, but lie in the x–z
plane instead.

Figure 6. Pictorial representation of eq 12 for the contributions of
the “mixing” of occupied σ MO 3 with vacant σ* MOs 47 and 48
to J (C,C) of ethyne. Black (white) circles indicate positive (nega-
tive) s-AO coefficients in the MOs. The left sign pattern always leads
to a negative FC term, the right one to a positive FC term.

snoitubirtnoCOMlacinonaC.2elbaT
ot 1J CF zHni,enyhtEni)C,C( a

ccO
OM

OMcaV b

latoT c

92 74 84 94 05

1 0.8761 � 5.6902 7.3961 � 4.81823 7.25033 4.1131
2 � 5.2861 4.6902 � 9.6961 7.45823 � 4.58033 � 2.8131
3 5.135 � 5.452 5.081 � 2.0902 9.0802 1.524
4 � 4.942 9.211 � 8.08 0.419 � 9.909 � 7.512
mus 6.772 � 7.141 5.69 � 9.9311 3.8311 5.202
a .sisabPZT,lanoitcnuf68PB b ehteraOMcaVdnaOMccO ϕi dna

ϕa .ylevitcepser,9qeni c tnacavllamorfsnoitubirtnocsedulcnilatoT
.01qestneserperdnaslatibro

http://www.jce.divched.org/Journal/
http://www.jce.divched.org/Journal/Issues/2007/
http://www.jce.divched.org/


Research: Science and Education

www.JCE.DivCHED.org • Vol. 84 No. 1 January 2007 • Journal of Chemical Education 165

an additional node and therefore Cσ*(A) = �Cσ*(B). The or-
bital denominator in eq 12 is negative. Thus, such a sign pat-
tern yields a positive FC contribution. In case of a larger basis
set we have many contributions of the type in eq 12. Some
of the vacant MOs can also have like signs on both carbons
that would lead to positive numerator and an overall nega-
tive FC contribution. The difference of sign observed for the
occ–vac contributions is easily explained by the pictorial rep-
resentation of eq 12 shown in Figure 6, which can also be
applied to unsymmetrical molecules. Consider the coupling
contributions of orbital 3 (2σg) with MOs 47 and 48 as an
example for the relation between the sign patterns and the
sign of the coupling contributions. Figure 6 also illustrates
why the contributions from MOs 3 and 4 have always op-
posite sign.

The vacant MOs 47–50 are composed of “pseudo-3s”-
type carbon AOs. That is, these AOs have the same number
of radial nodes as 3s but are constructed from basis func-
tions that are spatially in the 1s and 2s range (because these
are the basis functions we provide in the calculation). It
should be noted that the sum of the J contributions from
MOs 49 and 50 is small in all cases. This pair of orbitals is
simply enforced by symmetry just as the 1σg – 1σu pair, but
is not of high importance for the coupling.

In summary, we see that the C–C coupling is described
by two large contributions from the s–σ bonding MOs 3 and
4 (2σg and 2σu) with opposite signs. The different signs re-
sult from the different bonding–antibonding patterns of these
orbitals around the carbons.

Ethyne: LMO Analysis of J (C,C)
In the last paragraph we have seen that using canonical

delocalized MOs to analyze J coupling yields a number of huge
symmetry-enforced nonintuitive contributions from orbitals
that are effectively not involved in the coupling process. Also,
the coupling must be finally interpreted in terms of two large
terms of opposite sign from occupied bonding and
antibonding σ orbitals. Localized MOs (LMOs) are the theo-
retical representation of bonds, lone pairs, and core orbitals.
Thus, a LMO based analysis of J coupling might yield smaller
contributions that correspond more to chemical intuition.

The seven orthogonal LMOs constructed from the seven
occupied MOs by the Boys procedure (28, 29) are plotted
in Figures 7 and 8. Please note that the numbering of the
LMOs as printed in the ADF output does in general not
correlate with their energetic ordering. LMOs 1 and 2 are
the core 1s orbitals centered on each carbon atom. They are
essentially linear combinations of MOs 1 and 2 in the form
(1σg ± 1σu)�√2. LMOs 4 and 5 represent the two C�H
bonds, whereas LMOs 3, 6, and 7 represent the C�C triple
bond in form of three equivalent “banana-bond” orbitals
with the same LMO energy. Their contributions to the J cou-
pling according to eq 11 are listed in Table 3. The LMO
contributions are significantly smaller than those from the
canonical MOs and also intuitively more predictable. For
instance, the largest positive contributions are from the three
C�C “banana bonds” (LMOs 3, 6, and 7). The 3 contri-
butions are equal because LMOs 3, 6, and 7 are equivalent.
Somewhat less intuitive are the contributions from the car-
bon 1s orbitals. However, we recall that the LMOs are still
mutually orthogonal. This requires the participation of all

Figure 8. Three-dimensional representation of the localized molecu-
lar orbital 3 of ethyne (one of the 3 C�C “banana bonds”). The
plotted isosurface value of the LMO is ±0.060 (e/a0

3)1/2. LMOs 6
and 7 look the same but are rotated by 120° and 240° around
the C�C axis, respectively.

LMOs in the J coupling, including all core orbitals (LMOs
1 and 2). Further, we observe negative contributions to
J FC(C,C ) from the two C�H bonds (LMOs 4 and 5). An
explanation for the sign of these contributions is that the
carbon atoms have to provide some share of their electrons
to the C�H bonds, which are therefore not available for
the C�C coupling. The slight difference observed between

Figure 7. Localized molecular orbitals of ethyne plotted in a plane
containing the C�C axis. The contour values are ±0.02 × 2n, n =
0, 1, 2,... (e/a0

3)1/2; dashed lines indicate negative values. LMOs
3, 6, and 7 are equivalent upon rotation of 120 and 240 degrees
around the C�C axis. See Figure 8. LMOs 3’, 6’, and 7’ are ob-
tained from LMOs 3, 6, and 7 by separating the σ and π contribu-
tions in the banana bonds. (6’ is not shown, equivalent to LMO 7’
but in the orthogonal plane).
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the absolute values of the contributions from certain equiva-
lent LMO pairs (LMO 1 vs LMO 2; LMO 4 vs LMO 5) is
a numerical artifact of the way the J coupling calculation is
implemented efficiently.

Each banana bond has a comparatively small carbon s
character. It is also possible to separate the C�C σ and π
orbitals by not allowing any σ–π mixing in the localization
procedure. This leads to an alternative set of LMOs 1� to 7�
(see Figure 7). We obtain a pictorial representation of the
familiar concept of two π and one σ orbitals to form the
C�C triple bond (LMOs 3�, 6�, 7�). The other σ LMOs are
slightly affected by this procedure, but not to an extent that
would be visible in the plots, that is, LMOs 1 and 1�; 2 and
2�; 4 and 4�; 5 and 5�, respectively, are very similar. The two
π orbitals have the same LMO energy that is higher than the
one of the σ C�C bonding orbital. The decomposition of
J(C,C ) in this alternative set of LMOs gives further insight
into the major role played by the σ orbitals: Here we obtain
a contribution of 219.4 Hz from the C�C σ bond LMO
while the π LMOs do not contribute to the FC mechanism.
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Figure 9. Selected occupied MOs (left and
middle) and LMOs (right column) of ethene,
plotted in the molecule’s plane (except the π
orbital number 8, which is plotted in the or-
thogonal plane containing the C�C axis).
Contour values as in Figure 7. MOs 1, 2, and
LMOs 1, 2, are very similar to MOs 1, 2, and
LMOs 1, 2 of ethyne (carbon 1s, not shown).
LMOs 5, 6, and 7 are equivalent to LMO 4
and represent the other C�H bonds. LMOs 3
and 8 are two “banana bond” LMOs for the
C�C double bond. They look very similar to
the ones for ethyne (Figure 8) and are not
shown here. LMO 3’ represents the C�C σ
bond obtained without σ–π mixing in the lo-
calization procedure, MO 8 = LMO 8’ is the
corresponding C�C π bond.

This decomposition is perhaps closest to what one would in-
tuitively expect for the C�C coupling: one σ C�C bond-
ing orbital yields one large contribution that comprises most
of J(C,C ). It is reassuring that quantum theory confirms our
chemical intuition: the C�C coupling is mediated by the
C�C sigma bond.

Ethyne: FO Analysis of J (C,C)
Using the nonorthogonal orbitals of fragments that con-

stitute the molecule (FOs) offers an alternative way of deter-
mining which orbitals are responsible for the J coupling. Here,
we use the atomic orbitals as FOs. Table 4 lists the main FO
contributions to the C�C coupling constant of ethyne. For
comparison, the analyses for ethene and ethane are also listed.
The dominant role in particular of the carbon 2s orbitals is
obvious. The negative contributions from the C�H bonds
previously seen in the LMO analysis are also present in the
FO scheme in form of negative contributions from the hy-
drogen 1s orbitals. Again, for efficiency reasons of the J cou-
pling calculations the FO decomposition yields a slight
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dissymmetry in contributions from equivalent FOs, but not
to an extent that would obscure the analysis.

It is surprising that the 1s carbon core orbitals show such
large contributions for ethene and ethyne. However, they re-
flect the contributions from the core–valence orthogonality
that also emerged in the other decompositions. Our data in-
dicate that these contributions are large for the short C�C
distance in the triple bond.

Summary for Ethyne
The main conclusions from the analysis of J FC(C,C ) in

ethyne are:
• The different decomposition schemes (canonical MOs,

LMOs, FOs) yield similar interpretations. The J cou-
pling is governed mainly by the s valence orbitals of
the atoms directly involved in the bond and negative
contributions from other atoms bound to them. J cou-
pling can be considered as a valence property (i.e., a
“chemical” property).

• The orthogonality of MOs (localized or not) yields ad-
ditional, “orthogonality contributions” from orbitals
that do not directly participate in the bonding (core
MOs, bonds between other atoms). This is also re-
flected in the FO analysis.

• The LMO decomposition appears to be most intui-
tive to describe J couplings. The LMOs also most in-
tuitively depict the bonds in the molecule.

• The bonding–antibonding pattern of the canonical σ
MOs is clearly related to the sign of the J-coupling
contributions.

Ethane and Ethene: Analysis of J(C,C)
By comparing the results of ethyne with ethane and

ethene we can now analyze the trends for the C�C J cou-
plings with increasing C�C bond distances and for differ-
ent carbon hybridizations. J(C,C) is strongly decreasing from
ethyne to ethene and ethane (see Table 1).

The canonical occupied MOs and some LMOs of ethene
and ethane are shown in Figures 9 and 10, respectively. The
J coupling contributions from the occupied MOs and the
LMOs are compared in Tables 5 and 6, respectively. Based

otsnoitubirtnoCOMdeipuccO.5elbaT J CF ,zHni,)C,C(
enahtEdna,enehtE,enyhtErof,01qEotgnidroccA

sOMccO enyhtE enehtE enahtE

1 4.1131 4.859 7.136
2 � 2.8131 � 6.669 � 4.836
3 1.524 8.352 8.261
4 � 7.512 � 4.561 � 2.131
5 0.0 0.0 0.0
6 0.0 5.2 0.0
7 0.0 0.0 5.4
8 0.0 0.0
9 0.0
latoT J CF 5.202 7.28 3.92

N ETO : latnemirepxeehT J 5.43dna,8.76,7.271erasgnilpuoc
,ylevitcepser,enahtedna,enehte,enyhterofzH

otsnoitubirtnoCOML.6elbaT J CF ,zHni,)C,C(
enahtEdnaenehtErof,11qEotgnidrocca

sOML
enehtE

enahtE c

ananab a σ/πb

1 3.02 5.71 8.5
2 6.51 5.21 1.1
3 5.55 7.601 � 6.6
4 � 8.61 � 5.41 � 6.6
5 � 8.61 � 5.41 � 6.6
6 � 2.51 � 5.21 � 6.6
7 � 2.51 � 5.21 9.85
8 5.55 0.0 � 6.5
9 --- --- � 6.5
latoT J CF 7.28 7.28 3.92

a ”dnobananab“owtybdebircsedsidnobelbuodC–CehT
.8dna3sOML b aybdebircsedsidnobelbuodC–CehT σ–

adna’3OMLdnob π .’8OMLdnob– c dnobelgnisC–CehT
.7OMLybdetneserpersi latnemirepxeehT J erasgnilpuoc

.ylevitcepser,enahtednaenehterofzH5.43dna8.76

Figure 10. 3D plots of selected occupied MOs and LMOs of ethane.
Isosurface values are ±0.035 (e/a0

3)1/2. The MOs 1, 2 and LMOs
1, 2 (not shown) are similar to MOs 1, 2, and LMOs 1, 2 of ethyne,
respectively. LMOs 3 and 6 and LMOs 8 and 9 (C�H bonds, not
shown) are equivalent to LMOs 5 and 4, respectively, but rotated
by 120° and 240°. LMO 7 represents the C�C single bond.
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Å vs 1.34 Å in ethene), driven by the delocalization of the π
system in this molecule. This delocalization can be pictori-
ally represented by LMOs (Figure 11). Whereas the C�H
and C�C σ LMOs are two-center orbitals, the π LMOs are
four-center orbitals with large orthogonalization tails. The
multicenter character of these π LMOs reflects the delocal-
ization of the π system.

Within typical ranges of bond distances, J coupling of-
ten decreases exponentially with increasing internuclear dis-
tance. Let us try if the C�C bond distance in benzene can
be estimated from its C�C coupling constant by assuming
a simple exponential relation. First, we fit

J C C Hz,( )ln ≈
 +a bR (15)

using the experimental bond lengths (R ) and coupling con-
stants of ethyne, ethene, and ethane. The parameters a and
b are found to be 10.741 and �4.736 Å�1, respectively. If we
use the fit parameters along with the experimental J(C,C )
of benzene (56.2 Hz), the estimated C�C bond length is
1.417 Å, which is reasonably close to the measured distance
(1.397 Å).

The SD and PSO Terms
Here, we summarize some of the insights into the na-

ture of the C�C bond that were recently gained from study-
ing the SD and PSO mechanisms (13, 15–17). What needs
to be known is that the PSO operator behaves like an angu-
lar momentum operator (see eq 30 in the Appendix in the
Supplemental MaterialW). Therefore, in the case of C�C
bonding the PSO mechanism involves both pσ and pπ orbit-
als. In the SD mechanism, only the pπ orbitals are involved.

The SD and PSO terms are both dependent on the mul-
tiple bond character of the C�C bond (Table 7). In the se-
ries ethane, ethene and ethyne, both SD and PSO terms
increase in magnitude with increasing C�C bond order. It
has been suggested that the absolute value of the sum SD +
PSO reflects the increasing π-character of the C�C bond in
this set of molecules (13). For benzene, this sum lies in be-
tween the values for ethene and ethane, reflecting the mixed
single–double bond character of the C�C bonds. As an ex-
ample for the role of the 2p AOs in the PSO term, we dis-
cuss the case of ethyne with the help of the canonical MO
contributions. An analysis shows that MOs 5 (pσ, �10.2 Hz),
6, and 7 (pπ, 7.7 Hz) yield the main contributions to the
PSO term, owing to the mixing with the vacant π MOs 8
and 9 (LUMOs). The different signs of the PSO contribu-
tions can be explained in a similar pictorial way as for the
FC coupling (see Figure 6), but by taking into account the
action of the angular momentum operator on the p-type or-
bitals (which results in a rotation of the orbital by 90� around
the axis of the operation). For details we refer to ref 47.

Coupling Through More Than One Bond
So far we have considered only one–bond couplings.

They are the easiest to analyze computationally. However, the
equations, computational approach, and orbital analysis
methods shown previously can be applied to two-bond (gemi-
nal, 2J ) and three-bond (vicinal, 3J ) coupling constants as
well. Both generally display a strong dependence on the mo-
lecular geometry. Perhaps best known is the Karplus relation-

on the MO analysis, the conclusions obtained for ethyne can
be extended to ethene and ethane. The carbon core 1s MOs
1 and 2 yield huge, but noticeably smaller, contributions to
J FC(C,C ) than for ethyne. As for ethyne, these contributions
mutually cancel. The decrease of  J FC(C,C ) is thus explained
by the simultaneous decrease of the positive contribution of
the 2s–σ bonding orbital (MO 3) and of the negative con-
tribution of its antibonding analog (MO 4). The LMO analy-
sis identifies one C�C bonding σ LMO instead that yields
most of the total coupling. Both the change of carbon hy-
bridization and the increase of the C�C distance are respon-
sible for the observed trend of decreasing J FC(C,C ). Suppose
the FC contributions to the C�C J couplings were only gov-
erned by the carbon s character and not by the C�C dis-
tance, we might expect ratios of 4:(16/9):1 ≈ 4:1.8:1 for J FC

in ethyne�ethene�ethane. The ratios are obtained by multi-
plying the carbon s-characters for sp (1/2�1/2) in ethyne, sp2

(1/3�1/3) in ethene, and sp3 (1/4�1/4) hybridized carbon atoms in
ethane. Obviously, J FC(C,C ) decreases more strongly than
these ratios. From the calculations, we obtain 6.9:2.8:1 in-
stead. This shows that the C�C distances affect the J cou-
plings quite significantly. The shorter the bond, the larger
J(C,C) for this series of molecules. In summary, both the car-
bon hybridization as well as the C�C distances have a ma-
jor influence on the FC mechanism of the J couplings.

Benzene: Analysis of J(C,H)
As we have seen for ethyne, ethene, and ethane, it is dif-

ficult to separate in the trend of J(C,C) the influences of the
C�C distance and the carbon hybridization. Additional in-
formation can be gathered by considering the C�H one-
bond J couplings (see Table 1). Indeed, the experimental
C�H bond distances remain very similar in ethyne, ethene,
and ethane and the C�H J couplings might thus depend
mainly on the carbon hybridization. For this series of hydro-
carbons, the empirical Muller–Pritchard relationship relates
the one-bond J(C,H) to the s character of the hybrid orbital
that forms the C�H bond (45, 46):

J a s s bC H CH C H CH,( ) ≈
 − (13)

Here, sH and sC are the hydrogen and carbon s character, re-
spectively. aCH and bCH are empirical constants. By setting
the s character sH equal to 1 and the constant bCH to zero,
the following simpler relation was derived from the experi-
mental values for the one-bond couplings (45):

J s500C H  Hz C,( ) ≈
 ⋅
 (14)

According to this equation, for an sp3-hybridized carbon atom
(sC = 0.25), J(C,H) will be around 125 Hz, and for sp2- and
sp-hybridized carbon atoms, 1J(C,H) will be about 167 and
250 Hz, respectively (sC = 0.3, 0.5). The experimental data
for ethane, ethene, and ethyne as well as the computational
results agree well with these estimates. With an experimental
J(C,H ) of 157.7 Hz, benzene also agrees well with this rule
with an assumed sp2-hybridization for the carbon atoms. The
C�H coupling is almost identical to the one in ethene, which
also has sp2-hybridized carbons. However, 1J(C,C) for ben-
zene (56.2 Hz) is noticeably different than for ethene (67.8
Hz). Similar trends are found in the computations. This dif-
ference is due to the larger C�C distance in benzene (1.40
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ship for three-bond H�H couplings (48). For ethane deriva-
tives, the following approximate dependence of 3J(H�H) on
the HCCH dihedral angle φ was obtained from theoretical
considerations

   = + +J A B C 23 cos cosφ φ
H

H
φ

   (16)

with A, B, C having values of approximately 4.22, �0.5, and
4.5 Hz, respectively. Other authors have suggested empirical
values of A = 7, B = �1, C = 5 Hz, which yield better overall
agreement with experimental data (26). The Karplus relation
has been very useful to distinguish, for example, between cis
and trans isomers of the same compound by NMR. For a
computational exercise, students can easily determine 3J(φ)
numerically for ethane for a range of dihedral angles φ and
fit the data to eq 16. The free software “gnuplot” (49) can
be used for the data fitting procedure. The results might then
be used by the students to assign a set of cis–trans isomer
pairs such as shown in Günther’s textbook (26, p 116) with
the help of 3J data.

Finally, we would like to point out that in many cases
the sign pattern of 1J, 2J, 3J in a molecule alternates. An ex-
ample is ethane where, as seen previously, 1J(C,C) and
1J(C,H) are positive (Table 1). 2J(C,H), on the other hand,
is negative (�4.7 Hz), and 3J(H,H) is positive (8.0 Hz). For
experimental values see ref 50. The sign pattern is related to
the induced spin polarization in the electronic system as in-
dicated in Figures 3 and 6. As we have seen, products of an
occupied with vacant σ orbitals must have opposite sign at
the two nuclei for the J contributions to be positive (the FC

citengamaraPdna)DS(elopiD–nipSdetaluclaC.7elbaT
ehtotsnoitubirtnoC)OSP( J zHni,sgnilpuoC

eluceloM C2H2 C2H4 C2H6 C6H6

DS 0.8 2.2 9.0 7.0
OSP 1.6 � 3.9 � 1.0 � 5.6

OSP+DS 1.41 � 1.7 8.0 � 8.5

Figure 12. Induced spin polarization per unit magnitude of a per-
turbing nuclear spin magnetic moment of one of the carbons (indi-
cated as C*) in ethyne (top) and ethane (bottom). Top: Plot along
the molecular axis. Bottom: Plot in a plane containing the C�C
axis and two of the C�H bonds. The spin polarization at C* is
negative.

Figure 11. Some localized molecular orbitals of benzene. σ LMOs
are plotted in the plane of the molecule. The π LMO is plotted 0.5
Å above the molecular plane. Contour values as in Figure 7.

term, to be precise). Alternatively, we may say: The induced
spin polarization has to be of different sign at the two nu-
clei. If we consider a system of 3 nuclei A–B–C where the
induced spin polarization from, say, nucleus A has the sign
pattern −/+/− then 1J(A,B) � 0 but 1J(A,C) � 0. This ap-
pears to be the case in ethane. On the other hand, the cou-
pling constants in ethyne are all positive, that is, the sign
alternation is not observed (50). For an illustration, we plot
the spin polarization for the two systems in Figure 12 where
one of the carbons is considered as the nucleus that induces
the spin polarization. It can be seen that the sign change pat-
tern is indeed the expected one.
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Conclusion

First-principles calculations and orbital-based analyses of
J couplings can be useful to emphasize the relations between
the nature of a chemical bond and observable properties that
probe this bond. We have found that assignments based on
the material presented here provide a valuable “hands-on”
experience for students who want to learn about the origin
of NMR spin–spin coupling. From our experience, students
easily accept the concept of “contributions to molecular prop-
erties from individual orbitals” without the need to provide
explicit equations. By using the theoretical formalism, fur-
ther insight into J coupling mechanisms may be gained.
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Notes

1. Usually, the term “current density” is used in this context
but we will keep using the word “current” for reasons of simplicity.

2. In principle, we should write:

Bllocal ext= −({ } )1 �A B

where σσσσσA is a rank-2 tensor, similar to the coupling tensors in eq 3,
and {1} is the unit matrix of rank 2. In the text we use a notation
for the magnitudes in order to keep the notation simple.

3. The correct technical term to be used here would be elec-
tron spin density, but we will keep using the phrase “spin polariza-
tion”.

4. As stated before, we base our discussion on a theoretical
model where in the ground state the molecular orbitals are fully
occupied, and vacant orbitals have zero occupation (Hartree–Fock,
DFT, semiempirical methods). More generally, in correlated ab–
initio theoretical methods, one can describe the electron density
with an (in principle infinite) set of molecular orbitals with non-
integer occupations. This electronic structure undergoes a change
in the presence of a nuclear spin that can be conceptually under-
stood by the change in occupancy of these orbitals. The clearcut
occupied–vacant orbital situation is a special case.

5. A somewhat more sloppy formulation would be: A frac-
tion of electrons move into higher lying orbitals.

6. Each orbital also carries a spin factor of alpha = (1,0) or
beta = (0,1) on which the spin operator Ŝz  acts.
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